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Abstract: In this research article, by making use of Salagean differential operator,
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1. Introduction

Let A denote the class of all analytic functions f defined on the open unit disk
U = {z € C: |z| < 1}, which is normalized under the condition f(0) = f'(0) =1
having the Taylor series expansion

fz)=z+) a.2", z€U. (1.1)
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and S, the class of functions in A which are univalent in U. Let the function
f and g be analytic in U. Then we say that the function f is subordinate to g,
if there exist a Schwarz function w(z) which is analytic in U with w(0) = 0 ,
lw(z)|] < 1, (z € U) satisfying f(z) = g(w(z)). It is known that, f(z) < g(z) and g
is univalent <= f(0) = ¢(0) and f(U) C g(U).

By the Koebe one-quarter theorem [2] every function f € S has an inverse f~!
defined by f-1(f(2)) = 2, (= € U) and f(f~ (w)) = w, (ju] < rolf), ro(f) > 3)
where

g(w) = fH(w) = w — ayw® + (2a5 — az)w® — ... (1.2)

A function f € Ais said to be bi-univalent in U if both f and f~! are univalent in U.
Denote by X the class of bi-univalent functions in U. The familiar Koebe function

z
—»—log(1 —2),

is not a member of ¥. Examples of bi-univalent functions are 1

1 1
§log (1 i Z> ,.... Lewin [7] inspected the class of bi-univalent function ¥ and at-
—z

tained the bound |as| < 1.51. Brannan and Clunie [1] conjectured that |ay| < V2.
On the other hand, Netanyahu [8] showed that maz ses|as| = 5. In 1984, Tan [10]
obtained the best known estimate for functions in ¥ as |as| < 1.485. The coefficient
estimate problem for |a,| (n € N,n > 3) for functions in ¥ is still open. Many
researchers [5, 11, 12] explored several interesting subclasses of the class X and
found non-sharp estimates for the first two Taylor-Maclaurin coefficients.

Definition 1.1. (see [3,4]) Forn > 3, Horadam polynomial sequence h,(r,a,b,p,q),
or briefly h,(r), is defined by the recurrence relation

hi(r) = prhp_1(r) + ghp—a(r) (r e R; ne N={1,2,3...}) (1.3)

where hy(r) = a and hy(r) = br, for some real constants a, b, p and q.
The generating function of the Horadam polynomials h,(r) (see [4]) are given by

a+ (b—ap)rz

_ 00 n—1 __
Qr.2) = ()7 = T

(1.4)

The (p,q)-analogue of Salagean differential operator [9] TF f(z) : A — Afor k € N,
is formed as follows.
0
Tpal (2)
1

f(2),
Z((Sp,qf(Z)),

T f(2) = 2T, (TEF(2)).
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From the definition of T} f(z) we get
T';qf(z) =2+ ZZOZQ[H]’;H@“Z” (z € U).

Definition 1.2. For ( > 1, 0 >0 and § > 0, a function f € A given by (1.1) is
said to be in the class M¢(p, q, k, 0) if the following subordinations are satisfied:

(1-0 (L”) (S, )Y (Lm) +02(Th, /(2 < 2 2) +1—a

(1.5)
Definition 1.3. For ( > 1, 0> 0 and 6 > 0, a function f € ¥ given by (1.1) is
said to be in the class B¢(p, q, k, 0) if the following subordinations are satisfied:

(1-¢) (Tp,qT(Z)> +C(‘I§7qf(z))' (‘IMTJC(Z)> +(5z(5§7qf(z))” <Q(r,2)+1—a

(1.6)
and
-1

(1-¢) (%“’”) (T 9(0) (%“‘”) (S gu))" < 2. w)+1—a

(1.7)
where g(w) = f~1(w) is defined by (1.2).
2. Coefficient bounds for f € M. (p, ¢, k, o)
Let B={w e H : |w(z)|] <1,z € U} and By be the subclass of B of all w such
that w(0) = 0. Like it was previously mentioned, the elements of By are known as
Schwarz functions.

Lemma 2.1. [6] If w € By is of the form

w(z) = anz", z e, (2.1)
n=1
then for v € C,
|lwas — vwi| < max{l,|v|}. (2.2)

br
2f 0+ C+20)

((g—l— 2¢)(0 — 1)br) _ pbr® +agq
2(0 + ¢ +26)? br

Theorem 2.1. Let f € Mc(p,q,k,0). Then |as| <

|br|

< 1
sl < T 6B, m”{ ’

|
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b s | 020
(0+2¢ +69)[3]% "12(0+ ¢ +20)?

and |az — oa3| <

20(0+ 2¢ + 66)[3]F L) ot ag
e+, )T o

} |

Proof. Let f be in the class M (p, ¢, k, o) then from Definition 1.2, for some
analytic functions u such that «(0) = 0 and |u(z)| < 1, for all z € U, then we can
write

(1-0) (%£2) 4 (b, s (BL2) 7 4523, £(2)" = 2 (=) + 1~ a

or equivalently,

z

(1 -0 (29)" ¢t 1y (BID) 4 52(Th (=) =
1+ hi(r) + ho(r)u(z) + hs(r)(w(2))* + ... — a (2.3)

From the equality (2.3), we have
gk 2\ @2 gk P o—1
(1= 0) (L) 4 (b, )Y (BLD)T 4 023, ()" =
1+ ho(r)ur(2) + [ha(r)ug + hg(r)u?]2? + ... (2.4)
It is well-known that if
| u(z) |=| wiz +ugz? +uzz® + ... |< 1, (2 € U)

then
| ug |< 1 forteN. (2.5)

Comparing the coefficients of equation (2.4), we get

[2]§,q(0 + ¢ +20)ag = ha(r)uy (2.6)

(0+2¢) { (Ll) (125 ,)a3 + (1 + 9?2() [3]’;’(1@3} = hy(r)ug + ha(r)ui (2.7)

|br|
|as| < 2k (0 +C+20) (2.8)
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Using (2.8) in (2.7), we get

60
+2¢

(0+20)(1+ =2 )3 a5 = s + (o) — (o+20) (9;1) (2%, a2

2

[ (E2 ) ]

Thus we have
k) [ (le+20(e= Dhe() _ ha(r)
(”_(@+%+6®qu{2 ]{( 2(0+ ¢ +20)? ) hxm]}

_ ha(r) _ N2

= 0120160 [3]];’(1 {ug — Nui} (2.9)

[ e+2¢)(0—Dha(r)\  hs(r)
e = | (52 )

} . By applying Lemma 2.1, we get

_ |ha(r)] w2
= e o, Nl
|br| . {1 ‘((9—1—2@“)(@— 1)br) _ pbr?+ag }
= (o+2¢+60)[3]k, I\ 2(0+ ¢ +20)2 br '

For any ¢ € C, we get
O ) B O (G e e il

e <[2J';,q?§(?§ . 25>>2

_ ha(r) 2
= lor 2+ oo, T

where

_ (0+2Q0)ha(r) [20(0+2¢ +69)[3];, hs(r)
""%g+<+2®2< (0+20)([25,)? +9_1>_ |

By applying Lemma 2.1, we get

ha(r)]

2
Uos — NU
g+2g+6®BmJ 27

|a’3 - Q(I%| = (
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b man | e
0+2¢+66)[3]k "12(0+ ¢ +26)?

|a3 - Qa%’ < (

(2@(@ +2¢ 4 66) [3]’;& o 1) B pbr? + aq

} |

(0+20)([2]},)? br
Theorem 2.2. Let f given by (1.1) be in the class B¢(p, q, k,0). Then
o] /2T ] = o
| az |< and |ag| < +
©(0, ¢, p, g, )] ([2]5.4)% (0 + C+20)? 60
v (0+ 2001+ 58,
where
o
O(0,C.p.0.) = {(e +20l(e — D25 +2(1 + 5 )BlE b
— 22l 4 (0 + ¢ +20))°p}or® — 2[[2]} (0 + ¢ + 20)*]ag.
(2.10)

Proof. Let f is in the class B¢(p, g, k, ) then from Definition 1.3, for some analytic
functions u and v such that u(0) = v(0) = 0 and |u(z)| < 1, |[v(w)| < 1 for all
z,w € U, we can write

k 5 e k - o—1
(1-¢ <5p’qf : )> b (T ) (Sp’qf : )> b 52T, f(2)" = ru(2) +1—a

z z

-1

kooltw)\ k alw) \
(1-¢) (Tp’qz}M) +C(‘I§7qg(w))' <(3p,qug]()> +5w(‘3:l;7qg(w))” = Q(r,v(w))+1—a

or equivalently,

(1-0) (T_f(>> T ) (T_f(>> +O2(SE, 1) =

z

1+ ho(r)ur(2) + [ha(r)ug + hg(r)u?]2? + ... (2.11)

w)\* Eogw)
(1-¢) (%“) +0(Th () (%M) + Bl glw) =

1+ ho(r)vy(w) 4 [ha(r)vy + ha(r)v?]w? + ... (2.12)
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It is well-known that if | u(2) |=| u1z + u92? +u32® + ... |< 1, (2 € U) and
| v(w) |=] viw + vow? + v3w?® + ... |< 1, (w € U) then

|ug |<1and |v |<1 forteN. (2.13)
Comparing the coefficients of equation (2.11) and (2.12), we obtain

2% (0 + ¢+ 28)az = ha(r)uy (2.14)

(0+2¢) { (%) ([2]F )%a5 + (1 - gfi(SQC) [3]’;4@3} = hy(r)ug+hs(r)ud (2.15)

_[2]’;,(1(9 + ¢ +20)ag = ho(r)vy (2.16)

er20{(L57) e+ (14 05 ) B - o)
= hy(r)vg + ha(r)v? (2.17)

From (2.14) and (2.16) we obtain,
Uy = —U1 (218)

2{[2pq(0+ ¢ +20)}7a3 = h3(r)(uf + v7) (2.19)
Adding (2.15) and (2.17) we obtain,

o—1 E \2 69 k 2 _ r)(Ug+v r)(ui+oy
2(042¢) {T([ﬂp,q) + (H g+2C) [3]p’q}a2 -l 1(22(1);

Substituting the value of (u? 4+ v}) from (2.19) in the right hand side of (2.20) we
obtain,
2 h3(r) (uz + v2)

® T 20 {o= D@22 +2 (1+ 3% ) 385, | M) — 2s(r)([20f g0 + ¢ +26))2
(2.21)

Using (1.3), (2.10), (2.13) and (2.21), we obtain

Lo |< | br | \/2 | br | '
~ VI0(0, ¢ p, g, k)|
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Subtracting (2.17) from (2.15) we obtain,

60
0+2¢

2(0 + 20) <1 + ) 3)% (as — a2) = ha(r)(uz — o). (2.22)

In view of (2.19) and (2.21), Equation (2.22) becomes

o RO b))
2@hafe+CH 2P T a0+ 20) (1+ %) B,

By applying (1.3), we get,

. b2r? |br|
)= @ e+ C 202 T (ot 2001 + BB,

By setting o = 0 = 0 and ¢ = 1 in Theorem 2.2, we obtain the following Corollary.
Corollary 2.1. If f of the form (1.1) is in the class B1(p, q, k) then

| br | \/] br | b2r? | br |
| as |< and| a3 |< s o
VIRCBIE, — (121520 — (205 p}or? — (215 jaq] (125,)% 23,

Setting p =6 =0, ( =1 and k = 0 in Theorem 2.2, we obtain
Corollary 2.2. If f of the form (1.1) is in the class B1(r) then
| ag |< [br | VIbr ] and|a\<b2r2—|—|r|
VI{b = p}or? — aq] 2
3. Fekete-Szego inequality for the class B.(p, ¢, k, o)
Theorem 3.1. Let f given by (1.1) be in the class B¢(p, ¢, k, 0) and pp € R. Then

2|br| < 1

‘ as — Qa% ‘S 2(Q+2<)( +gi(;§)[3}1;,q7 0 _| ¢( ) |— 2(‘9+21§)( +g$52<)[3]§’q
2|bTH¢(g, )‘7 |¢<Q’ T)l - 2(9+2C)( + igc)[?)]ﬁq
o ,

where ¢p(p,1) = % and

T(p, gk, 0) = (0+20) { (o= (1205,)* +2 (1+ 55 ) B, }

h3(r) — 2hs(r)([25 4 (0 + ¢+ 20)).
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4. Conclusion

In the present work, by making use of Salagean differential operator, we define a
new subclass of analytic and bi-univalent functions using the Horadam polynomial.
Coefficient estimate |as| , |as| and Fekete-Szego inequality of the functions has been
studied.

1]

[10]
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